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Abstract The solutions of Green’s function are signiﬁcant for simpliﬁcation of problem on a
two-phase saturated medium. Using transformation of axisymmetric cylindrical coordinate and
Sommerfeld’s integral, superposition of the inﬂuence ﬁeld on a free surface, authors obtained the
solutions of a two-phase saturated medium subjected to a concentrated force on the semi-space.
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Lamb’s solutions have been widely used to solve re-
sponse and vibration problems of soil dynamics and
earthquake engineering.1,2 Utilizing that the correla-
tive determinant of the eigen equations equals to zero,
Phillipapoulos3 presented a group of closed-form ana-
lytical solutions for a two-phase saturated medium sub-
jected to a concentrated force in the semi-space (Lamb’s
problem of a two-phase medium). Phillipapoulos’s solu-
tions were interested by the researchers, but process of
his deduction is groping due to that coupling of fast and
slow dilational waves had not been solved. Today a lot
of dynamic solutions of a two-phase saturated medium
subjected to a load in the semi-space have to be solved
(other Lamb’s problem).4 And it is needful to concisely
and regularly deduct on the dynamic problems in the
semi-space of a two-phase saturated medium.
Decoupling potential ﬁeld of fast and slow dilational
wave on dynamic equations of a two-phase saturated
medium,5–8 authors obtained Green’s functions of an in-
ﬁnite space subjected to a concentrated force.8 Through
transformation of cylindrical coordinate and Sommer-
feld’s integral, as well as superposition of the inﬂuence
function on a free surface, the dynamic solutions of
a two-phase saturated medium subjected to a concen-
trated force in the semi-space had attained in this pa-
per. These results are consistent with Phillipapoulos’s
solution.3 While a two-phase medium degenerates into
a single phase medium, these results are consistent with
Lamb’s solutions.9 The process of deduction is clear and
straightforward. Hence, it can be beneﬁcial to solving
pertinent dynamic problems in the semi-space of a two-
phase saturated medium.
Biot’s dynamic equation of the two-phase saturated
medium can be written as10,11
μ∇2u+∇[(λc + μ)∇ · u+ αM∇ ·w] =
ρu¨+ ρfw¨,
∇(α∇ · u+M∇ ·w) = ρf u¨+ γ(ω)w¨,
λc = λ+ αM,
(1)
a)Corresponding author. Email: dingboyang@hzcnc.com.
where λ and μ are Lame coeﬃcients; α and M are the
parameters derived by Biot in the research of a two-
phase saturated medium; u,w are the vectors of the
solid phase and the ﬂuid phase of displacement ﬁeld,
respectively; ρ, ρf are the substance density of the two-
phase medium and the ﬂuid phase medium, respectively.
If we suppose that ks, kf and kb are the solid, ﬂuid and
two-phase bulk moduli, respectively, β0 is the porosity,
then we have11
λc = (ks − kb)2/(D − kb) + kb − 2μ/3,
α = (ks − kb)/ks,
M = k2s /(D − kb),
D = ks [1 + (ks/kf − 1)β0] , (2)
where λc, μ, α,M can be regarded as absolute elas-
tic constants. The γ(ω) is the dissipation coeﬃcient.
When frequency ω < ωc (ωc is cut-oﬀ frequency, ωc =
0.06πkdρf/ηβ0 ≈ 6.28×106 · s−1,8 η is the viscosity coef-
ﬁcient; kd is the penetration coeﬃcient), γ(ω) becomes
a constant γ. The solution of Green’s function for dy-
namic equation is8
G(x/ς, ω) =
1
4πω2
{
η3
[∇×∇× I(e−iKβR/R)]−
η1
[∇∇ · I(e−iKα1R/R)]+
η2
[∇∇ · I(e−iKα2R/R)] }, (3)
where η1 = λ1/(ρ + ρfξ1), η2 = λ2/(ρ + ρfξ1), η3 =
1/(ρ − ρ2f/γ), which represent the participant parame-
ters of mass for fast and slow dilational waves, and the
distortional wave, respectively. Here λn = (1+ξn)/(ξ1−
ξ2), (n = 1, 2), ξ1 and ξ2 are the dynamic parameters,
ξn = (λc+2μ−ρα2n)/(ρfα2n−αM), α1, α2 and β are the
velocities of fast, slow dilational and distortional waves
of a two-phase saturated medium, respectively. The
R = |R| = |x− ς| is the distance from the source point
ς to the ﬁeld point x. The Kα1 = ω/α1, Kα2 = ω/α2
and Kβ = ω/β are the wave numbers of fast, slow dila-
tional and distortional waves, respectively. The I is a
second order unit tensor, and G(x/ς, ω) is a second or-
der tensor of Green’s function in the frequency domain.
Take a cylindrical coordinate (r, θ, z), where x =
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x1− ς1 = r cos θ, y = x2− ς2 = r sin θ, z = x3− ς3; R2 =
r2+z2, r is the radial vector of a cylindrical coordinate.
Equation (3) on an axisymmetric cylindrical coordinate
can be written as
4πω2Gki(r, ω) = η3
⎛
⎝ −r
−1∂2/∂z2 0 r−1∂2/(∂r∂z)
0 r−2 −∇2 0
r−1∂2/(∂z∂r) 0 −r−1∂2/∂r2
⎞
⎠ e−iKβR/R−
η1
⎛
⎝ ∇
2 − r−1∂2/∂z2 0 r−1∂2/(∂r∂z)
0 r−2 0
r−1∂2/(∂z∂r) 0 ∇2 − r−1∂2/∂r2
⎞
⎠ e−iKα1R/R+
η2
⎛
⎝ ∇
2 − r−1∂2/∂z2 0 r−1∂2/(∂r∂z)
0 r−2 0
r−1∂2/(∂z∂r) 0 ∇2 − r−1∂2/∂r2
⎞
⎠ e−iKα2R/R. (4)
By Sommerfeld’s formula: e−iKcR/R =
∫ R
0
J0 (kr) e
−czkdk/c, (c =
√
k2 −K2c , where Kc can be arbitrary one
of Kα1 , Kα2 and Kβ), c is equal to one of a1, a2, b corresponding to α1, α2, β respectively. From property of
Bassel’s function, we can attain
ur = Gzr =
1
4πω2r
∫ ∞
0
(
η3e
−bz − η1e−a1z + η2e−a2z
)
kJ1 (kr) kdk, (5)
uz = Gzz =
1
4πω2r
∫ ∞
0
[
η3
e−bz
b
− η1
(
1− r + ra
2
1
k2
)
e−a1z
a1
+ η2
(
1− r + ra
2
2
k2
)
e−a2z
a2
]
k2J0 (kr) kdk −
1
4πω2r2
∫ ∞
0
(
η3
e−bz
b
− η1 e
−a1z
a1
+ η2
e−a2z
a2
)
kJ1(kr)kdk. (6)
The constitutive formula on an axisymmetric cylindrical coordinate is
σr = λe+ 2μ
∂ur
∂r
, σz = λe+ 2μ
∂uz
∂z
, τrz = μ
(
∂ur
∂z
+
∂uz
∂r
)
, (7)
where e is the bulk strain. Substituting Eqs. (5) and (6) into Eq. (7), we obtain
σz =
λ
4πω2r
∫ ∞
0
(
η3e
−bz − η1e−a1z + η2e−a2z
)
k2J0 (kr) kdk +
(λ+ 2μ)
4πω2r
∫ ∞
0
[
− η3e−bz + η1
(
1− r + ra
2
1
k2
)
e−a1z − η2
(
1− r + ra
2
2
k2
)
e−a2z
]
k2J0 (kr) kdk +
2μ
4πω2r2
∫ ∞
0
(
η3e
−bz − η1e−a1z + η2e−a2z
)
J1 (kr) kdk, (8)
τrz =
μ
4πω2r
∫ ∞
0
(−η3e−bz + a1η1e−a1z − a2η2e−a2z) J1 (kr) k2dk −
μ
4πω2r
∫ ∞
0
[
η3
e−bz
b
− η1
(
1− r + ra
2
1
k2
)
e−a1z
a1
+ η2
(
1− r + ra
2
2
k2
)
e−a2z
a2
]
k3J1 (kr) kdk +
3μ
4πω2r3
∫ ∞
0
(
η3
e−bz
b
− η1 e
−a1z
a1
+ η2
e−a2z
a2
)
J1 (kr) k
2dk. (9)
On the semi-inﬁnite space (z > 0, the positive z axis is downward), the forms of the inﬂuence function of a free
surface can be assumed as
u0r,z = f1
(
e−a1z, e−a2z, e−bz
)
J0 (kr) kdk + f2
(
e−a1z, e−a2z, e−bz
)
J1 (kr) kdk, (10)
According to Eqs. (8) and (9), the inﬂuence function of the free surface can be considered in detail as
u0r =
1
4πμ
∫ ∞
0
(
Ae−a1z +Be−a2z+Ce−bz
)
J1 (kr) k
2dk +
D
4πω2r
∫ ∞
0
(
η3e
−bz − η1e−a1z + η2e−a2z
)
J1 (kr) k
2dk. (11)
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u0z =
1
4πμ
∫ ∞
0
(
a1Ae
−a1z + a2Be−a2z + Ck2
e−bz
b
)
J0 (kr) kdk +
E
1
4πω2r
∫ ∞
0
[
η3
e−bz
b
− η1
(
1− r + ra
2
1
k2
)
e−a1z
a1
+ η2
(
1− r + ra
2
2
k2
)
e−a2z
a2
]
J0 (kr) k
3dk −
F
4πω2r2
∫ ∞
0
(
η3
e−bz
b
− η1 e
−a1z
a1
+ η2
e−a2z
a2
)
J1 (kr) k
2dk, (12)
where A, B, C, D, E are the undetermined parameters. Substituting Eqs. (11) and (12) into Eq. (7), we obtain
σ0z =
1
4πμ
∫ ∞
0
λ
[(
Ae−a1z +Be−a2z+Ce−bz
)
k − (λ+ 2μ) (a21Ae−a1z+a22Be−a2z+k2Ce−bz)] J0 (kr) k2dk +
D
λ
4πω2r
∫ ∞
0
(
η3e
−bz − η1e−a1z + η2e−a2z
)
J0 (kr) k
3dk −
D
λ
4πω2r2
∫ ∞
0
(
η3e
−bz − η1e−a1z + η2e−a2z
)
J1 (kr) k
2dk +
E
(λ+ 2μ)
4πω2r
∫ ∞
0
[
−η3e−bz + η1
(
1− r + ra
2
1
k2
)
e−a1z − η2
(
1− r + ra
2
1
k2
)
e−a2z
]
J0(kr)k
3dk +
F
(λ+ 2μ)
4πω2r2
∫ ∞
0
(
η3e
−bz − η1e−a1z + η2e−a2z
)
J1 (kr) k
2dk, (13)
τ0rz = −
μ
4πμ
∫ ∞
0
(
a1Ae
−a1z + a2Be−a2z+bCe−bz + a1Ae−a1z+a2Be−a2z+k2C
e−bz
b
)
J1 (kr) k
2dk −
D
μ
4πω2r
∫ ∞
0
(
η3be
−bz − η1a1e−a1z + η2a2e−a2z
)
J1 (kr) k
2dk −
μE
1
4πω2r
∫ ∞
0
[
η3
e−bz
b
− η1
(
1− r + ra
2
1
k2
)
e−a1z
a1
+ η2
(
1− r + ra
2
2
k2
)
e−a2z
a2
]
J1 (kr) k
3dk +
F
3μ
4πω2r3
∫ ∞
0
(
η3
e−bz
b
− η1 e
−a1z
a1
+ η2
e−a2z
a2
)
J1 (kr) k
2dk −
μF
1
4πω2r2
∫ ∞
0
(
η3
1
b
e−bz − η1 1
a1
e−a1z + η2
1
r2a2
e−a2z
)
k2J0 (kr) kdk −
E
μ
4πω2r2
∫ ∞
0
(
η3
e−bz
b
− η1 e
−a1z
a1
+ η2
e−a2z
a2
)
J0 (kr) k
3dk. (14)
When a concentrated force at a surface is
∫∞
0
P0J0(kr)kdk/2π,
3 according to the boundary condition of a free
surface (z = 0), we have
(σ0z + σz)
∣∣
z=0
− αPf = −
∫ ∞
0
P0
2π
J0(kr)kdk, (τ
0
rz + τ
0
rz)
∣∣
z=0
= 0, Pf(r, 0)
∣∣
z=0
= 0. (15)
Substituting Eqs. (8), (9), (13) and (14) into Eq. (15), we obtain following set of undetermined parameters
λ
4πμ
∫ ∞
0
[
Ak +Bk + Ck − λ+ 2μ
4
πμ(a21A+ a
2
2B + k
2C) +
1
2π
]
J0(kr)k
2dk − αPf = 0,
D(η3b− η1a1 + η2a2) = −(η3b− η1a1 + η2a2),
E
[
−η3 + η1
(
1− r + ra
2
1
k2
)
− η2
(
1− r + ra
2
2
k2
)]
=
[
η3 − η1
(
1− r + ra
2
1
k2
)
+ η2
(
1− r + ra
2
2
k2
)]
,
[(λ+ 2μ)F −D](η3 − η1 + η2) = −(η3 − η1 + η2).
(16)
From Eq. (16) we can show D = E = F = −1. Therefore, the displacement in radial direction Ur and the
displacement in direction of Z axis Uz in the semi-space respectively are
Ur = ur + u
0
r =
1
4πμ
∫ ∞
0
(
Ake−a1z +Bke−a2z + Cke−bz
)
J1 (kr) kdk, (17)
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Uz = uz + u
0
z =
1
4πμ
∫ ∞
0
(
a1e
−a1z + a2Be−a2z +
k2
1
b
Ce−bz
)
J0 (kr) kdk. (18)
For the displacement of the ﬂuid phase Wr, Wz in
the semi-inﬁnite space, taking the disability of trans-
mission of distortional wave in the ﬂuid phase into con-
sideration and combining Eqs. (17) and (18), we get8
Wr =
1
4πμ
∫ ∞
0
(ξ1Ake
−a1z + ξ2Bke−a2z)J1(kr)kdk,
(19)
Wz =
1
4πμ
∫ ∞
0
(a1ξ1Ae
−a1z+ξ2a2Be−a2z)J0(kr)kdk.
(20)
For the second equation of formulas of Eq. (1), we
ﬁnd
P (r, 0) = −αM
(
∂Ur
∂r
+
Ur
r
+
∂Uz
∂z
)
−
M
(
∂Wr
∂r
+
Wr
r
+
∂Wz
∂z
)
(21)
Equation (21) is reasonable to use in the semi-space
also, so we have
−αPf(r, 0) = 1
4πμ
∫ ∞
0
[ (
α2M + αMξ1
) (
k2 − a21
) ·
A+
(
α2M + αMξ2
) (
k2 − a22
)
B
]
J0 (kr) kdk
(22)
By the boundary condition of a free surface z = 0, we
obtain
1
4πμ
[
k (Ak +Bk + Ck)− (λ+ 2μ)λ ·
(
a21A+a
2
2B+k
2C
)
+ 2μ+(
α2M + αMξ1
) (
k2 − a21
)
A+(
α2M + αMξ2
) (
k2 − a22
)
B
]
= 0,
(for σ0z + σz|z=0 − αPf =
−
∫ ∞
0
P0J0 (kr) kdk/2π). (23)
a1A+ a2B + bC + a1A+ a2B + k
2 1
b
C = 0
(for τrz + τ
0
rz
∣∣
z=0
= 0), (24)
−Pf (r, z) = αAk2e−a1z + αBk2e−a2z −
αa21Ae
−a1z − αa22Be−a2z + ξ1Ak2e−a1z +
ξ2Bk
2e−a2z − a21ξ1Ae−a1z −
ξ2a
2
2Be
−a2z = 0,
(for Pf (r, 0) = 0). (25)
Using Eqs. (23), (24) and (25), we can arrive at
(α+ ξ1)
(
k2 − a21
)
A+ (α+ ξ2)
(
k2 − a22
)
B = 0.
(26)
[
(a21 − k2)
λ+ α2M + αMξ1
μ
+ 2a21
]
A+
[
(a22 − k2)
λ+ α2M + αMξ2
μ
+ 2a22
]
B+
2k2C = 2,
2a1A+ 2a2B + (b
2 + k2)
1
b
C = 0,
B = − (α+ ξ1)(k
2 − a21)
(α+ ξ2)(k2 − a22)
A.
(27)
Let us recast Eq. (27) as
k1A+ k2B + 2k
2C = 2,
2a1A+ 2a2B +
(
b2 + k2
) 1
b
C = 0,
(28)
where
B = ξ4A, ξ4 =
(α+ ξ1)(k
2 − a21)
(α+ ξ2)(k2 − a22)
,
k1,2 =
[
(a21,2 − k2)
λ+ α2M + αMξ1,2
μ
+ 2a21,2
]
,
(
A
C
)
=
(
k1 + k2ξ4 2k
2
(2a1 + 2a2ξ4)b b
2 + k2
)−1(
2
0
)
.
(29)
Marking the invertible matrix (A)
−1
= (A)
∗
/ |A|, we
obtain(
k1 + k2ξ4 2k
2
(2a1 + 2a2ξ4) b b
2+k2
)−1
=
1
R
(
k1 + k2ξ4 2k
2
(2a1 + 2a2ξ4) b b
2+k2
)∗
, (30)
where (A)
∗
is the companion matrix of (A) and
R = (k1 + k2ξ4)(k
2 + b2)− 4k2(a1 + a2ξ4)b. (31)
Equation (31) is a Rayleigh function. Substituting
Eq. (30) into Eq. (32), we obtain
(
A
C
)
=
1
R
(
k2 + b2 −2k2
−2ab k2 + b2
)∗(
2
0
)
=
1
R
(
2(k2 + b2)
−4(a1 + a2ξ4)b
)
. (32)
We substitute the obtained coeﬃcients into the dis-
placement expression Eqs. (17) and (18) to yield dis-
placement solutions of a two-phase saturated medium
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in the semi-space as
Ur
∣∣
z=0
=
1
4πμ
∫ ∞
0
(Ak +Bk + Ck) J1 (kr) kdk =
∫ ∞
0
1
2πμ
k
R
[
(1 + ξ4)
(
k2 + b2
)−
2 (a1 + a2ξ4) b
]
J1 (kr) kdk, (33)
Uz
∣∣
z=0
=
1
4πμ
∫ ∞
0
(
a1A+ a2B + k
2 1
b
C
)
·
J0 (kr) kdk =
1
2πμ
∫ ∞
0
1
R
(a1 + a2ξ4)
(
b2 − k2) ·
J0 (kr) kdk. (34)
Equations (33) and (34) are the displacement solu-
tions in radial direction and the displacement solution
in direction of Z axis in the semi-space, respectively,
obtained by Philippacopoulos in 1988.8
When ρf = 0, ξ1 = 1, ξ2 = 0 a two-phase problem
degenerates into a single-phase problem
Uz
∣∣
z=0
=
1
2πμ
∫ ∞
0
a(k2 − b2)
(k2 + b2)2 − 4k2abJ0 (kr) kdk,
(35)
Ur
∣∣
z=0
=
1
2πμ
∫ ∞
0
(k2 + b2 − 2ab)
(k2 + b2)2 − 4k2abJ1 (kr) kdk,
(36)
where a =
√
k2 −K2a , Kα is the wave numbers of di-
lational wave. Equations (35) and (36) are Lamb’s
formulas.9
Based on the decoupling solutions of Green’s func-
tion, through transformation of cylindrical coordinate
and Sommerfeld’s integral, as well as superposition of
the inﬂuence function on a free surface, the method
adopted to derive the result in this paper can be of
further use in solving other Lamb’s problems of a two-
phase saturated medium. It can be regularly and
straightforwardly beneﬁcial to solving dynamic prob-
lems in semi-space.
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